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Aeroacoustics of Wall-Bounded Turbulent Flows

Z. W. Hu,¤ C. L. Morfey,† and N. D. Sandham‡

University of Southampton, Southampton, England SO17 1BJ, United Kingdom

Direct numerical simulations of turbulent plane Poiseuille and Couette � ow are used to study � uctuating wall
pressure and shear stress. For both � ows the wave-number–frequency spectra are found to be nonzero in the limit
of zero wave number, which has signi� cant implications for theoretical work. Peaks in the spectra are consistent
with convective phenomena, and typical convection speeds are derived for both cases. The sensitivity of the results
to Reynolds number and numerical parameters is discussed.

Nomenclature
C.t/ = arbitrary reference pressure
E = mathematical expectation
f = frequency
h¤ = channel half-width
i =

p
¡1

k = wave-number vector, k D .kx ; ky/ D .k¤
x ; k¤

y /h¤;
.kxl ; kym / D .2¼ l=L x ; 2¼m=L y/, with l
and m being streamwise and spanwise mode
numbers, 0 · l · Nx=2; ¡Ny=2 · m · Ny=2

L x ; L y = computational box lengths
L¤

ref = reference length
N = number of time samples
Nx ; N y; Nz = number of grid points
p = pressure relative to background value C ¡ 3x
Re = Reynolds number
Sp = wall pressure spectral density
S¿ = wall shear-stress spectral density
T = total record length
t = time
U ¤

ref = reference velocity
u i = velocity components (i D 1; 2; 3), also (u; v; w)
uw = wall velocity
u¿ = friction velocity
xi = coordinates (i D 1; 2; 3), also (x; y; z)
xi ; y j ; zk = grid coordinates, (1 · i · Nx , 1 · j · Ny

and 1 · k · Nz )
1t = sampling time interval
²i j k = permutation tensor
3¤ = wall shear stress averaged over both walls/h¤

º¤ = kinematic viscosity of the � uid
5 = modi� ed pressure, 5 D p C u i u i=2
½¤ = density
¿i j = viscous stress, ¿i j D º.@ui =@x j C @u j=@xi /
!i = vorticity; !i D ²i jk @uk=@x j

Superscripts

¤ = dimensional quantity
? = complex conjugate
0 = � uctuation quantity
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Q = quantity in Fourier space
¡ = statistical average
C = wall units

I. Introduction

P LANE channel � ow is a geometrically simple problem that
has played an important role in understanding the mechan-

ics of wall-bounded turbulence. Experiments have been able to
provide some useful data on plane channel � ows: examples in-
cludeHussain and Reynolds1 for planePoiseuille � ow and Tillmark
and Alfredsson2 for plane Couette � ow. However, a lack of accu-
rate techniques for measuring velocity � uctuations simultaneously
in all directions, and for measuring velocity–pressure � uctuation
correlations, severely limits the information available.

On the other hand, direct numericalsimulation (DNS) has proved
to be a reliable tool for turbulence investigation. With the help of
supercomputers DNS can now tackle turbulent � uid � ows over a
range of Reynolds numbers, and it has been widely used in the
study of turbulence mechanisms. DNS of plane Poiseuille � ow3¡5

has been able to provide high-order statistical moments of velocity
and pressureand also energybudgets.DNS studieshaveadditionally
been published6¡8 for plane Couette � ow. A difference between
the two types of � ow is that in Couette � ow very long large-scale
structures exist in the core region (midway between the walls).

Despite these and other investigations, few simulations of plane
channel � ow have been carried out in a computational domain
large enough to allow both the streamwise and spanwise two-point
correlations to drop satisfactorily to zero. Furthermore, in low-
Mach-number aeroacoustics there is particular interest in the low
wave-number structure because of its ability to excite sound and
structural vibration. To obtain low-wave-number results, the simu-
lation domain needs to be large.

Existing studies on the low-wave-number behavior of turbulent
wall pressure and shear stress are contradictory. Kraichnan9 and
Phillips10 suggested on theoretical grounds that the wave-number–
frequency spectrum of wall pressure Sp.k; f / tends to zero in in-
compressible � ow as k ! 0, provided f 6D 0 (Kraichnan–Phillips
theorem). Chase11¡13 later concluded that although the Kraichnan–

Phillips theorem holds for inviscid � ow, in real viscous � ow the
(kx ; ky ) wave-number spectra of wall pressure and shear stress ap-
proach nonvanishing limits when the no-slip boundary condition is
applied. Measurements of turbulent boundary-layer wall-pressure
� uctuations at low Mach number by Herbert et al.14 have shown
a � nite kx spectrum at low wave numbers. However, Howe15 has
claimed that even for viscous � ow the incompressible.kx ; ky/ wall-
pressure spectrum should tend to zero at zero wave number for all
nonzero frequencies.

In further studies of wall shear stress, Chase16;17 developed a
semi-empirical spectral model for the nonvanishing zero wave-
number spectrum of shear stress on a single plane wall and com-
pared the model with experiment. However, Howe18¡20 argued that
the wall shear stressmodi� es soundpropagation,butdoes not gener-
ate any sound radiation. Its wave-number–frequency spectrum was
predicted to behave similarly to the wall pressure.13;19;20
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In the present study turbulent plane Poiseuille � ow and Couette
� ow are simulated directly for incompressible � ow in very large
computationaldomains. Results are compared with previous work,
and DNS databases from the simulation are then used to study the
low-wave-number behavior of the wave-number–frequency spec-
trum, both for turbulent wall pressure and wall shear stress.

II. DNS of Incompressible Plane Channel Flow
The governing continuity and momentum equations of incom-

pressible turbulent � ow are nondimensionalizedwith the reference
length L¤

ref chosen as the channel half-width h¤. The reference ve-
locity U ¤

ref is the friction velocity u¤
¿ for Poiseuille � ow and the wall

velocity u¤
w for Couette � ow. (Both the upper and the lower wall

move, with velocity u¤
w and ¡u¤

w , respectively.) The steady back-
ground pressure � eld is subtractedout, along with a time-dependent
referencepressure, to give the relativepressure p¤. Nondimensional
quantities are then de� ned as

ui D u¤
i

¯
U ¤

ref; xi D x¤
i

¯
h¤; p D p¤

¯¡
½¤U ¤2

ref

¢

t D t¤U ¤
ref

¯
h¤

The nondimensional continuity equation and rotation form of the
momentum equation become21

@u j

@x j
D 0 (1)

@ui

@t
D ²i jk u j !k C ±1i 3 ¡ @5

@xi
C 1

Re

@2u i

@x j @x j

(2)

where Reynolds number is Re D U ¤
refh

¤=º¤, equal to Re¿ D u¤
¿ h¤=º¤

for Poiseuille � ow, and Rew D u¤
wh¤=º¤ for Couette � ow. 3 is the

nondimensionalmean pressure gradient, equal to one for Poiseuille
� ow and zero for Couette � ow.

It is convenientfor the DNS descriptionto replace the xi notation
by (x; y; z) with correspondingvelocity components (u; v; w). The
coordinates are x in the streamwise direction, y in the spanwise
direction, and z in the wall-normal direction with the channel walls
at z D §1.

Following the spectral method of Kleiser and Schumann,22

Fourierdiscretizationis usedfor the two periodicdirections,namely,
streamwise and spanwise. A two-dimensional Fourier transforma-
tion fromreal to wave spaceis accomplishedbya streamwisereal-to-
complexFourier transformation,followedbya complex-to-complex
Fourier transformation in the spanwise direction. A real quantity
q.x; y/ is transformed to wave space Qq.kx ; ky/ by the two succes-
sive discrete Fourier operations:

Qq.kxl ; y j / D
1
Nx

Nx ¡ 1X

i D 0

q.xi ; y j / exp

³
¡i2¼li

Nx

´
(3)

Qq.kxl ; kym / D 1
Ny

Ny ¡ 1X

j D 0

Qq.kxl ; y j / exp

³
¡i2¼mj

Ny

´
(4)

The two-dimensionalbackward transformation is done with a span-
wise complex-to-complextransformation,followedbya streamwise
complex-to-real transformation:

Qq.kxl ; y j / D
N y=2X

m D ¡Ny=2

Qq.kxl ; kym / exp

³
i2¼m j

Ny

´
(5)

q.xi ; y j / D Qq.0; y j / C 2
Nx =2X

l D 1

Qq.kxl ; y j / exp

³
i2¼li

Nx

´
(6)

Chebyshevtransformationsareused for the wall-normaldirection
with the help of the Chebyshev polynomial Tn.zk/

23:

Qqn D
Nz ¡ 1X

k D 0

q.zk /Tn.zk/; q.zk/ D
Nz ¡ 1X

n D 0

Qqn Tn.zk/ (7)

Dealiasing via the “ 3
2 rule” has been applied whenever nonlinear

quantities are required. Time advance is achieved with a third-
order Runge–Kutta method for the convective term and the Crank–

Nicolson method for the pressure and viscous terms. An implicit
treatment is employed to avoid extremely small time steps in the
near-wall region owing to the Chebyshev discretization. In all sim-
ulations the reference pressure is taken as the instantaneous up-
per wall pressure averaged over the periodic directions. The initial
� ow� elds consist of an approximate mean turbulent � ow with su-
perimposed arti� cial disturbances.Statistical data are accumulated
only after the initial in� uence has disappeared,and the � ow has sta-
tistically settled down. Convergence is checked by comparing the
statistical data in successive time segments, making sure that they
are consistent. All statistical data are averaged over the horizontal
plane and over time; averaged quantities are denoted by an overbar.

The parallel implementation of Sandham and Howard21 is em-
ployed for all of the simulations. More details of the numerical
method can be found in Refs. 21–23.

III. Validation of DNS
A. Plane Poiseuille Flow

To justify the applicationof periodicboundaryconditionsto fully
developedturbulentchannel� ow, thecomputationaldomainmustbe
large enoughto include the largesteddies in the � ow. Four test cases
at Re¿ D 180 were run with different boxes and resolutions before
the � nal simulations were carried out. The box size was increased
until both the streamwise and the spanwise two-point correlations
dropped to zero at maximum separation(half the box size as a result
of the periodic boundary condition).

The computationaldomain � nally chosen is 24h¤ £ 12h¤ £ 2h¤,
which is approximatelytwice (in L x and L y ) what was used in Kim,
Moin, and Moser3 (referred to as KMM hereafter). The velocity
correlations, shown in Fig. 1 at the channel centerline, show that
the two-point correlationsfall to zero at large separation(maximum
value 0.008 for the streamwise and 0.006 for the spanwise), demon-
strating that the computational domain used is adequate. The total

a) Streamwise

b) Spanwise

Fig. 1 Two-point velocity correlations of Poiseuille � ow at channel
centerline.
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Fig. 2 Turbulence intensity [uirms =
p

(u ¤
i u ¤

i
)/u ¤

¿ ] of Poiseuille � ow.

Fig. 3 Turbulent kinetic energy budget of Poiseuille � ow.

number of grid points used is about 8 million (256 £ 256 £ 121 in
x; y; z), with spacing of 16.88 and 8.44 wall units in the streamwise
and spanwise direction,respectively,which is comparable to KMM.
It was carried out with 64 processors on a Cray T3E and required
about 16,000 processor element (PE) hours.

Figure 2 shows the Poiseuille � ow turbulence intensities nor-
malized by u¤

¿ . Symmetry about the centerline for all results in-
dicates well-converged statistics. The turbulence intensities are in
good agreement with KMM (the thin lines are overlapped by the
thick lines of the present results).

From the continuity and momentum equations we can derive the
transport equation of the nondimensional turbulent kinetic energy
k D 1

2
u 0

i u
0
i for plane channel � ow as

@k

@t
C u j

@k

@x j

D ¡u 0
i w

0 @ui

@z
¡ ¿ 0

i j

@u 0
i

@x j

¡ @ p0w0

@z

¡
@
¡

1
2
u0

i u
0
i w

0
¢

@z
C 1

Re
@2

@z2
.k C w0w0/ (8)

The terms on the right-hand side are the production, dissipation,
pressure–velocity transport, turbulent transport, and viscous diffu-
sion. After the � ow has become statistically stable, the terms on the
right-hand side should sum to zero.

A budget of the turbulent kinetic energy has been calculated as
a check on our simulation results, as shown in Fig. 3. The budget
imbalance (sum of all terms on the right-hand side) is more than
two orders of magnitude smaller than the maximum production.

B. Plane Couette Flow
Four test cases at Reynolds number Rew D 1:3 £ 103 were car-

ried out, with different box sizes and resolutions, before the � nal
simulation was performed in a computational domain of 192h¤ £
24h¤ £ 2h¤ with about 42.5 million grid points (1024£ 512 £ 81
in x; y; z). The simulation was run with 128 processors on a Cray
T3E, requiring about 15,000 PE hours. The grid spacing is 15.38
and 7.69 wall units in the streamwise and spanwise direction, re-
spectively.The computationalbox is large enough to allow periodic

a) Streamwise

b) Spanwise

Fig. 4 Two-point velocity correlations of Couette � ow at channel cen-
terline.

Fig. 5 Turbulence intensity [uirms =
p

(u¤
i u¤

i )/u¤
¿ ] of Couette � ow.

boundaryconditions to be applied in both streamwise and spanwise
directions, as demonstrated by the streamwise and spanwise two-
point correlations shown in Fig. 4 for the channel centerline (the
worst location).

Turbulence intensities for plane Couette � ow are given in Fig. 5,
with all quantitiesnormalizedby u¤

¿ . Results of Kristoffersen,Bech,
and Andersson6 (referred to as KBA hereafter) are plotted with thin
lines for comparison. The streamwise and spanwise turbulence in-
tensities of KBA are close to our results in the near-wall region but
smaller elsewhere; the differences are almost certainly caused by
the coarser resolution and smaller box used in KBA. KBA used a
second-order central � nite difference method for all spatial deriva-
tives and a second-order Adams–Bashforth scheme for time ad-
vance. The grid spacing used by KBA is 11.12 and 8.34 wall units
for the streamwise and spanwise directions, respectively,compared
to 15.38 and 7.69 for the present simulation. Although their 1xC is
smaller, the effective resolution is still lower because of the higher
accuracyof the presentspectralmethod.The wall-normal resolution
of KBA is also lower with only 64 points, compared with 81 points
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Fig. 6 Turbulent kinetic energy budget of Couette � ow.

in the present simulation. Comparison between test cases with dif-
ferent resolutions shows that coarse resolution will give smaller
turbulence intensities in the streamwise and spanwise directions.
Another difference is that the computational box used in KBA is
4¼h¤ £ 2¼h¤ £ 2h¤, which is not large enoughto get two-pointcor-
relations dropping to zero, as shown in their two-point correlation
results.

Figure 5 shows large differences exist in the wall-normal turbu-
lence intensity,with the resultsof KBA being � at in the channelcen-
ter. Komminaho et al.8 ran a Couette � ow simulation at Rew D 750
in a box of 28¼h¤ £ 8¼h¤ £ 2h¤, and their results for wall-normal
turbulence intensity also show a similar pro� le with no � at region.

A budget of Couette � ow turbulent kinetic energy is shown in
Fig. 6. The budgetbalanceis about threeordersofmagnitudesmaller
than the maximum production.

IV. Wall-Pressure Fluctuations
A. Wave-Number–Frequency Spectral Density of Wall Pressure

A continuous variable q.x; y; t/ de� ned over 0 · x · L x , 0 ·
y · L y , and 0 · t · T , such as � uctuating pressure or shear stress
on the wall, is represented in the DNS simulation by the sampled
variableq.xi ; y j ; tr / with discreteFourier transform Qq.kxl ; kym ; fs/.
The transformation is performed using Eqs. (3) and (4), followed
by the discrete time transform

Qq.kxl ; kym ; fs / D 1
N

N ¡ 1X

r D 0

Qq.kxl ; kym ; tr / exp

³
i2¼rs

N

´
(9)

Here tr is the time of the sample given by tr D r1t , where 1t
is the sampling interval, and fs is the nondimensional frequency,
fs D s=.1t N /, with 0 · s · N=2 (r and s are integers).

The two-sided wave-number–frequency spectral density of q,
Sq .kxl ; kym ; fs/, is de� ned as

Sq .kxl ; kym ; fs/ D E

»
lim

Lx ;L y ;T ! 1

µ
.2¼/¡2

L x L y T
Qq Qq?

¶¼
(10)

The factor of .2¼/¡2 comes from the use of wave-number com-
ponents kx ; ky rather than spatial frequencies. The sign convention
used here for time Fourier transformationdiffers from the usual one.
The time transform is de� ned so that waves with the same sign of
streamwise wave number and frequency travel with the � ow, and
waves with opposite signs travel against the � ow.

In the simulation the pressures on both channelwalls were stored
as a function of spatial wave number .kx ; ky/, every � ve time
steps for Poiseuille � ow and two time steps for Couette � ow, af-
ter the � ow had statistically settled down. Each (kx ; ky ) component
was time Fourier transformed with Eq. (9), and the wave-number–
frequency spectral density of wall pressure was then calculated by
Eq. (10).

B. Plane Poiseuille Flow
Figure 7 shows the upper wall pressure for Poiseuille � ow, ex-

pressed as wave-number–frequency spectral density at six positive

a) ky = 0

b) kx = 0

Fig. 7 Wave-number spectral density of Poiseuille � ow upper-wall
pressure. The small increase at high negative kx in a) is a numerical
artifact.

frequencies,atReynoldsnumber Re¿ D 180.Wall scaling(u¤
ref D u¤

¿
)

is used throughout the presentation of Poiseuille � ow results. The
spectral density at positive streamwise wave numbers is generally
much larger than at corresponding negative wave numbers, mean-
ing that there is more energy in the forward moving waves. For the
spanwise direction, as there is no mean � ow and the � ow is homo-
geneous in this direction, symmetry is found between negative and
positive wave numbers.

In all of the simulations of plane channel � ow, the mean wall
pressure is used as the reference pressure at every time step, and so
the calculatedwall pressurespectral density is zero at kx D 0; ky D 0
for all frequencies. This explains the sudden drop of wall-pressure
spectral density in Fig. 7 at zero wave number.

The spectral density of the lower-wall pressure is very similar to
that of the upper wall, as is expected from the symmetry of plane
Poiseuille � ow.

1. Low-Wave-Number Behavior
Fluctuating wall pressures and wall shear stresses in the subcon-

vective wave-number region have important implications for struc-
tural response.15 The low-wave-number behavior of the � uctuating
wall pressure under an incompressible turbulent boundary layer re-
mains controversial,as discussed in the Introduction.On one hand,
Chase13 found that when the viscous no-slip wall boundary condi-
tion is applied the low-wave-number spectra of wall pressure and
shear stress approach nonvanishing, “wavenumber-white” asymp-
totic limits. On the other hand, this prediction was contradicted by
Howe,15 who considered the normal force on a rigid strip, of � -
nite width and in� nite length, caused by a nearby vortical region
in viscous � ow. By taking the limit of large strip width, Howe
calculated that the Kraichnan–Phillips theorem holds for homoge-
neous turbulent � ow over an in� nite plane wall, provided the � ow is
incompressible and free of other boundaries.

From the DNS results in Fig. 7, we can see that the wall-pressure
spectraldensity is certainly� nite at low wave number.With increas-
ing frequency there is evidence for a broadening of the nearly � at
region in Fig. 7a. In other words, the wall-pressure spectral density
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has a tendency to become wave-number-white in the subconvective
region (more apparent at the high frequencies), in agreement with
the theoretical prediction of Chase13 rather than Howe.15

The small increase in the wall-pressure spectral density at large
negativekx for high frequenciesis an effect of numerical resolution.
Numerical experiments have shown that higher resolutionwill give
monotonically decreasing spectra.

2. Convective Peaks in the Wall-Pressure Spectrum
In Fig. 7a convectivepeaks in the streamwise wave-number spec-

trum can be seen, with the peak moving to higher wave numbers
as the frequency is increased. The same phenomenon is shown in
Fig. 8, where the frequencyspectrum is plotted for different stream-
wise wave numbers. In both cases the spanwise wave number is
set equal to zero. The peak frequency–wave-number combinations
from the wave-numberplot (Fig. 7a) and the frequencyplot (Fig. 8)
are plotted in Fig. 9, using triangles and squares, respectively. As
expected, the peak wave numbervaries linearlywith frequency.The
wall-pressure convection velocity uc calculated from uc D 2¼ f=kx

is equal to 14.91 (scaledon u¤
¿
). The maximum velocityumax , which

is the channel centerlinevelocity, is 18.20, and so the convectionve-
locity uc D 0:819umax. An equivalentstatement,based on the nondi-
mensional mean velocity um of 15:62, is uc D 0:955um .

To studythe in� uenceofReynoldsnumber,simulationshavebeen
carriedout for Reynoldsnumbers Re¿ D 90, 180,and 360. The wall-
pressure wave-number spectra are compared in Fig. 10 for f D 15.
A convectivepeak exists for every Reynolds number, but the higher
the Reynolds number the broader the wave-number spectrum.

The wall-pressure spectrum has been compared with experi-
mental results of Brungart et al.24 for channel � ow, Lauchle and
Daniels25 for fully developed pipe � ow, and Schewe26 for an ex-
ternal boundary layer, as shown in Fig. 11. The point spectrum
of wall pressure, G¤

T .!/ (! D 2¼ f ), is calculated from the wave-
number–frequencyspectrum,basedon the de� nitionof Lauchle and
Daniels.25 The point spectra of the DNS results show a consistent

Fig. 8 Frequency spectral density of Poiseuille � ow upper-wall pres-
sure (ky = 0).

Fig. 9 Peak streamwise wave number of Poiseuille � ow wall-pressure
spectrum.

Fig. 10 Wave-number spectral density of wall pressure in Poiseuille
� ow for different Reynolds numbers (ky = 0). Scaled frequency f = 15.

Fig. 11 Point spectrum of wall pressure in Poiseuille � ow compared
with experimental results.

trend with Reynolds number, approaching the experimental data as
the Reynolds number is increased. It is possible to collapse the DNS
data at differentReynolds numbers by plotting G¤

T .!/=.½¤2
u¤3

maxh¤/
on the vertical axis.

C. Plane Couette Flow
Figure 12 shows the upper-wall pressure in plane Couette � ow,

expressedas wave-number–frequencyspectraldensitySp.kx ; ky ; f /
at six different frequencies,at a Reynolds number Rew D 1:3 £ 103.
The scaled frequency f in Couette � ow is de� ned as f D f ¤h¤=u¤

w ,
and the pressure and wall shear stresses are normalized by (½¤u¤

w
2 ).

RepeatingFig. 12a for the lower wall gives an antisymmetric result,
which is consistent with the antisymmetric mean � ow.

The suddendropofwall-pressurespectraldensityat wavenumber
(0, 0) is an artifact of the calculation,as just explainedfor Poiseuille
� ow. It is clear from Fig. 12 that the wall-pressure spectral density
tends to a nonzero value as both wave-number components (kx ; ky )
approach zero, as in Poiseuille � ow.

For any given frequency the wave-number spectral density of the
wall pressure has a peak for waves travelling in the same direction
as the wall, as shown in Fig. 12a. The streamwise wave numbers
corresponding to the peak are plotted against frequency in Fig. 13;
the wave number varies linearly with frequency. The convection
velocity u¤

c is calculated as 0:528u¤
w .

In Fig. 14 the wall-pressure spectrum is plotted as a function
of frequency for � xed kx and ky . Unlike the correspondingplot for
Poiseuille � ow in Fig. 8, the spectra in Fig. 14 fall off monotonically
with frequency. No points have therefore been added to Fig. 13.

To study the in� uence of Reynolds number, a further simulation
at Rew D 3:4 £103 was run. The wall-pressurespectraare compared
in Fig. 15. Similar convectivepeaks are found for the two cases, but
the height of the spectrum generally increases as Rew is increased
from 1:3 £ 103 to 3:4 £ 103.
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a) ky = 0

b) kx = 0

Fig.12 Wave-numberspectral densityofCouette � ow upper-wallpres-
sure.

Fig. 13 Peak streamwise wavenumber of Couette � ow wall-pressure
spectrum.

Fig.14 Frequency spectral densityofCouette � ow upper-wallpressure
(ky = 0).

Fig. 15 Wall-pressure spectral density of Couette � ow for different
Reynolds numbers (ky = 0).

V. Wall Shear-Stress Fluctuations
A. Wave-Number–Frequency Spectral Density of Wall Shear Stress

Plane channel� ow has two wall shear-stresscomponents,stream-
wise .¿x z/w and spanwise .¿yz/w . Only the spectral density of .¿xz/w

is shown in this section. Results for the spectral density of .¿yz/w

show similar low-wave-number and convective properties. In the
following discussion wall shear stress will refer to .¿x z/w and will
be denoted by ¿w for simplicity.

In the same way as for wall pressure, time series of wall shear
stresses are saved in the DNS database as a function of (kx ; ky ), and
the wave-number–frequency spectral density of wall shear stress is
calculated from Eqs. (9) and (10).

B. Plane Poiseuille Flow
The theoretical studies of Chase13;16;17 reached the conclusion

that the shear stress on an in� nite plane wall bounding an in� nite
incompressible� ow also has a nonvanishingspectrum at vanishing
wave number. Experimental data from Morrison et al.,27 with an
assumption of � nite wall shear-stress spectra at zero wave number,
led Chase to a semi-empiricalmodel of the wave-number–frequency
spectral density of streamwise turbulentwall shear stress.17 Howe20

also concludedthat wall shear stresshas a similar low-wave-number
behavior to the wall pressure, but predicted zero spectral density at
zero wave number.

1. Low-Wave-Number Behavior
Figure 16 shows the upper wall shear stress for Poiseuille � ow,

expressed as a wave-number–frequency spectral density at six
scaled frequencies.In the subconvectiveregion the wall shear-stress
spectral density tends to be � atter at higher frequencies: the higher
convective wave numbers at high frequency lead to a broader sub-
convective region. There is clearly a � nite wall shear-stressspectral
density in the low-wave-number limit.

2. Convective Peaks in the Wall Shear-Stress Spectrum
Figure 17 shows the frequency spectral density for upper-wall

shear stress at different positive streamwise wave numbers. The
wall shear-stress spectral density has a � at low-frequency region
and then reaches a peak. These peaks, and the correspondingpeaks
found in the wave-number spectral density, are similar to the wall-
pressure convective peaks discussed earlier. The peak frequency–

wave-number combinations are plotted in Fig. 18. The convection
velocityuc calculatedfromthewave-numberspectralpeaksis 10.91,
which is 0:599umax. A slightlydifferentvalue,0:537umax, is obtained
from the peaks in the frequencyspectra.Both valuesare smaller than
the wall-pressure convectionvelocity for the same � ow, which was
0:819umax .

Our results for wall-pressure and wall shear-stress convection
velocity, based on streamwise-wave-number spectral peaks at zero
spanwise wave number, can be compared with the corresponding
results from Jeon et al.28 based on two-dimensional (kx ; f ) spectra.
Jeon et al.28 found uc D .0:7 ¡ 0:9/umax for pw and uc D .0:55 ¡
0:8/umax for ¿w , whereas our results for ky D 0 are 0:819umax and
0:537umax , respectively.
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a) ky = 0

b) kx = 0

Fig. 16 Wave-number spectral density of Poiseuille � ow upper-wall
shear stress.

Fig. 17 Frequency spectral density of Poiseuille � ow upper-wall shear
stress (ky = 0).

Fig. 18 Peak streamwise wave number of Poiseuille � ow wall shear-
stress spectrum.

a) ky = 0

b) kx = 0

Fig. 19 Wave-number spectral density of Couette � ow upper-wall
shear stress.

Fig.20 Peak streamwisewavenumberofCouette � ow wall shear-stress
spectrum.

C. Plane Couette Flow
Figure 19 shows the upper-wall shear stress for plane Couette

� ow, expressed as a wave-number–frequency spectral density. The
same plot for the lower wall, which moves with a negative wall
velocity ¡u¤

w , is the mirror image of this.
As with the Poiseuille � ow wall shear-stressspectra, there clearly

exists a nonzero limit for the spectral density at low wave numbers.
The peaks from the wave-number spectrum plot in Fig. 19a are

plotted for each frequency in Fig. 20. The convection velocity is
equal to 0:505u¤

w . The frequency spectral density of Couette wall
shear stress is shown in Fig. 21.

VI. Consistency of Results
The wave-number–frequency spectral densities of wall pressure

and shear stresses should not be in� uenced by the box size (L x ; L y )
and the record length (T ). The consistency of the spectral density
results with respect to variations in computational box size and T
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Fig. 21 Frequency spectral density of Couette � ow upper-wall shear
stress (ky = 0).

Fig. 22 Wave-number spectral density of upper-wall pressure in
Poiseuille � ow for different computational boxes.

Fig. 23 Wave-number spectral density of upper-wall pressure in
Poiseuille � ow for different record lengths.

has been checked for each case. Figure 22 shows the wall-pressure
spectraldensity results for Poiseuille � ow, comparedwith data from
a small computationalboxof 12h¤ £ 6h¤ £ 2h¤ (labeledas “small”),
which is half the � nal computationalbox size in both the streamwise
and spanwise directions.The results are consistent for different box
sizes, indicating that the computational domain is large enough.
Enlarging the computational box improves the low-wave-number
resolution with more modes in the subconvective region, making
the low-wave-number behavior of wall-pressure spectral density
clearer in the subconvectivewave-number region.

A check on record length has also been done for each case, as
shown in Fig. 23 for the Poiseuille � ow wall-pressure spectral den-
sity.Results fordifferenttimes T D 100, 50, and 25 collapsefor both
f D 5 and 15. The agreement shows our results are not in� uenced
by record length limitations.

Results fromdifferentbox sizesand recordlengthsagreeto within
3 dB. Larger computational boxes and longer record lengths give
smoother spectra.

VII. Conclusions
Plane Poiseuille and Couette � ow have been simulated in very

large computationaldomains, suf� cient to ensure that the two-point
velocity and pressure correlations drop to zero in both streamwise
and spanwise directions. The present results have been compared
with existing data, and good agreement has been found. Direct nu-
merical simulation databases have been set up for the wall pressure
and shearstress to study theirwave-number–frequencyspectralden-
sities.The spectraldensity of wall pressureand shear stress both ex-
hibit a nonzero low-wave-numberlimit in the subconvectiveregion.
This is consistent with Chase’s13 theoretical study for � ow over a
single wall but contradicts Howe.15 The wall-pressure and shear-
stress spectra are, however, very similar to each other, as predicted
by both authors.13;19;20 Convective peaks are found in the wave-
number spectra of wall pressureand shear stress: for Poiseuille � ow
the convection velocity of wall pressure is 35– 40% larger than that
of wall shear stress, whereas for Couette � ow it is only 5% larger.
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